This paper shows some continuities of mappings between the space of mixed variational inequality problems and the graph space of their solution mappings. The space of mixed variational inequality problems is homeomorphic to the graph of a continuous mapping. These generalize the results in the corresponding references.
Introduction and preliminaries
Duvaut and Lions considered a kind of mixed variational inequality, see [] , which added a function to a classical variational inequality. The stability, algorithm, and generalization of this kind of variational inequality has been studied in many forms [-] and applied to many fields; see [] .
Let K be a compact convex subset of R n . We consider the following mixed variational inequality problem: to find a point u * ∈ K such that u * satisfies
where f : K → R n is a mapping and θ : K → R is a real function. This was first introduced in [] . When f ≡  on K , this leads us to find a maximizer u * ∈ K of the function θ on K .
∀x, y ∈ K ; f is said to be strictly monotone if, f is monotone and if (f (
If f is monotone and θ is convex, we call the above variational inequality () a mixed monotone variational inequality problem. Denote by M the set as follows:
θ : K → R is continuous and convex; f : K → R n is continuous and monotone .
For any two (
Then M is a metric space. For convenience, we denote ρ((
A point u * is a solution of the mixed monotone variational inequality problem
If f is strictly monotone, then V (θ , f ) is a singleton set; for example, f + I is strictly monotone, where I is the identity mapping on K , and if f is strongly monotone, then f is strictly monotone. Denote by N the graph of the set-valued mapping V , that is,
where C x denotes the constant mapping with
whereū is the unique solution of the problem (θ , f + I).
Main results
Theorem . ψ is a continuous mapping from M to N . φ is continuous on N .
We need to show that (
Therefore, we have
Since θ n → θ  and max u∈K f  (u) -f n (u) → , we have ū  -ū n → . Hence, it can be checked that
For the part with φ is continuous on
Let X be the set of (θ , f ) satisfying:
n is continuous and monotone. Then each variational inequality (θ , f ) ∈ X has a solution (see [] ) and further if f is strictly monotone, then the corresponding solution is unique. Then (X, ρ) is a metric space. From Theorem ., there can be obtained some stability results for solution sets of mixed monotone variational inequalities.
Corollary . The set-valued mapping V is upper semi-continuous from M to
Proof From the proof of Theorem ., ψ : X → N is continuous, noting that M ⊂ X is closed, then N , the graph of V , is closed. Therefore, V is upper semi-continuous.
Theorem . The mappings φ • ψ and ψ • φ are identity mappings on M and N , respectively.
Proof For each (θ , f ) ∈ M, from the definition of ψ and φ, we have
Particularly, we have
Then, by adding equation () and equation (), we obtain
From the monotonicity of f , we get u 
Theorem . Let h = π • ψ : M → K . Then: (i) for each t ∈ [, ], β t • α t and α t • β t are identity mappings on M ×K ; (ii) for each t ∈ [, ],x ∈ Bd(K), α t (·, ·,x) is a constant mapping; (iii) α  is an identity on M ×K ; α  is a homeomorphism between N and the graph of h with its inverse
(ii) For eachx ∈ Bd(K) and
Noting that (θ , f + Cx,x) ∈ N , we havex ∈ K , then x = r(x) =x and s(x) = . Therefore,f = f . The proof is completed.
Remark . From Theorems . and ., the graph of set-valued mapping V is homeomorphic to M and the graph of a continuous mapping. Easily, we see that the graph of a continuous mapping can be homeomorphic to the graph of a constant mapping. Therefore, N and M are all homeomorphic to the graph of a constant mapping. Like (un)knots and Nash dynamics [] , this may contribute to variational dynamics like [] .
In the following part, we generalize the results (Theorems .-.) to Hilbert spaces in relation to linear mappings.
Let K be a compact convex subset in a Hilbert space (X, ·, · ), where ·, · represents the inner product on X. Denote by X * the dual space of X (all continuous linear mappings
is the pairing of X * and X. A monotone mapping T is called strictly
Let T : K → X * and f ∈ X * , we consider the mixed variational inequality problem: to find a u ∈ K such that
Denote by M the set
θ : K → R is continuous and convex;
For each (θ , T, f ), it is well known that this kind of mixed variational inequality problem with (θ , T, f ) has a solution; if T is strictly monotone, then the solution is unique; denote by V (θ , T, f ) the set of all solutions of the problem (θ , T, f ), then a set-valued mapping V from M to K is well defined.
Let N be the graph of V , that is,
Define a mapping φ :
where
Then we can check that R T is strictly monotone. For each (θ , T, f ) ∈ M , define a mapping ψ on M such that
where u is the unique solution of the problem (θ ,
For the part that ψ is continuous on
f  ), this leads to the fact that, for each x ∈ K ,
and
Adding equation () and equation (), we get
This is equivalent to the following:
Since T  is monotone, we have (
Hence,
consequently, we obtain
In addition, for each x ∈ K ,
The proof is completed.
Theorem . φ is a continuous mapping from N to M .
Proof Let {(θ n , T n , f n , u n )} 
